TUTORIAL NOTES FOR MATH4220

JUNHAO ZHANG

1. GREEN’S FUNCTIONS AND PARABOLIC EQUATIONS
Let us recall some useful facts for solving the problems of parabolic equations.
Theorem 1 (Green’s identity). Suppose u,d;u, 92u € C([0,00) x Q). Then for any
(t,x) € (0,00) x Q, there holds

u(t, z) = /Qu(O,x)F(t,x;O,f)df—l— /0 /Qr(t,x;f,g)[au(f,g) — Acult, ©)|dedr

+ /Ot /an (F(t,x;T, 5)%(7, &) —u(r, 5) (t T f)) ds,dr,

lz—g|2

D(t,z;7,6) = [An(t — 7)] 2 3-n H(t — 1),
H(z) is the Heaviside step function.

where

For the Dirichlet boundary value problem,
Ou(t, ) — Agu(t,x) = f(t,z), t>0,2 €,
w(0,z) = uo(x), x€9Q,
u(t, ) = up(t,x), t>0,2¢€ 0.

It suffices to find the Green’s function G(t, z; T, f) D(t,z;1,8)+U(t, z;7,&) where
—0-¥(t,z;7, &) — A U(t,z;7,§) = T<tEEQ,
U(t,z;t,6) = £eq
U(t,x;7,8) = (thE) T <t,& €00,

then

u(t,x):/ o(z)G (tx0§d§+// (t,z;7,8) f(7,&)dEdT

//(mubtf (t,z;7,&)dSedr.

In the following, we discuss some examples concerning the Green’s function.

Problem 2. Find the Green’s function for Dirichlet boundary value problem over
the half line

R+:{$€R$>O}

Solution. The Green’s function is

G(t,x;7,8) = [An(t — T)]féH(t —7) <e e e i >

1
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Problem 3. Find the Green’s function for Dirichlet boundary value problem over
the interval
I={reR:0<x<l}

Solution. The Green’s function is

oo I a2
G(t7$;7'7£): Z [47T(t—T)]_§H(t—T) (e_ 4(£t—2-r)H _e_l zft—2r)l‘ )

n=—oo

A Supplementary Problem

Problem 4. Show that for the Neumann boundary value problem,
Opu(t, ) — Azu(t,x) = f(t,z), t>0,2€Q,
U(O,m) = UO(J:)’ T e Qv
%(t, x) =up(t,z), t>0,2¢€IN.
If there exists a Green’s function G(t,z;7,&) = I'(¢, z;7,&) + (¢, x; 7, £) where
_6T\Il(t7x;7-a§) _quj(t7xa7-7£) 207 T <t7£ € Q7
(t,z;t,§) =0, £€Q
ov or
v . 7 . 0
an(t7xa7-7£) an(tamaT>£)7 T<ta€€a B
then

u(t, x) :/Qu(O,x)G(t,x;O,f)der/o /QG(t,x;T,f)[a.,-u(T7§) — Agu(t, €)]dédr

t
—|—/ G(t,z; T, f)@(r, £)dS,dr.
0 Joq on

Moreover, find the Green’s function for Q =Ry :={z € R: 2 >0} and Q =1 :=
{reR:0<x <}

For more materials, please refer to [1, 2, 3, 4].
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