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1. green’s functions and parabolic equations

Let us recall some useful facts for solving the problems of parabolic equations.

Theorem 1 (Green’s identity). Suppose u, ∂tu, ∂
2
xu ∈ C([0,∞)×Ω). Then for any

(t, x) ∈ (0,∞)× Ω, there holds

u(t, x) =

∫
Ω

u(0, x)Γ(t, x; 0, ξ)dξ +

∫ t

0

∫
Ω

Γ(t, x; τ, ξ)[∂τu(τ, ξ)−∆ξu(t, ξ)]dξdτ

+

∫ t

0

∫
∂Ω

(
Γ(t, x; τ, ξ)

∂u

∂n
(τ, ξ)− u(τ, ξ)

∂Γ

∂n
(t, x; τ, ξ)

)
dSydτ,

where
Γ(t, x; τ, ξ) = [4π(t− τ)]−

n
2 e−

|x−ξ|2
4(t−τ)H(t− τ),

H(z) is the Heaviside step function.

For the Dirichlet boundary value problem,

∂tu(t, x)−∆xu(t, x) = f(t, x), t > 0, x ∈ Ω,

u(0, x) = u0(x), x ∈ Ω,

u(t, x) = ub(t, x), t > 0, x ∈ ∂Ω.

It suffices to find the Green’s function G(t, x; τ, ξ) = Γ(t, x; τ, ξ)+Ψ(t, x; τ, ξ) where

−∂τΨ(t, x; τ, ξ)−∆ξΨ(t, x; τ, ξ) = 0, τ < t, ξ ∈ Ω,

Ψ(t, x; t, ξ) = 0, ξ ∈ Ω

Ψ(t, x; τ, ξ) = −Γ(t, x; τ, ξ), τ < t, ξ ∈ ∂Ω,

then

u(t, x) =

∫
Ω

u0(x)G(t, x; 0, ξ)dξ +

∫ t

0

∫
Ω

G(t, x; τ, ξ)f(τ, ξ)dξdτ

−
∫ t

0

∫
∂Ω

ub(t, ξ)
∂G

∂n
(t, x; τ, ξ)dSξdτ.

In the following, we discuss some examples concerning the Green’s function.

Problem 2. Find the Green’s function for Dirichlet boundary value problem over
the half line

R+ = {x ∈ R : x > 0}.

Solution. The Green’s function is

G(t, x; τ, ξ) = [4π(t− τ)]−
1
2H(t− τ)

(
e−

|x−ξ|2
4(t−τ) − e−

|x+ξ|2
4(t−τ)

)
.
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Problem 3. Find the Green’s function for Dirichlet boundary value problem over
the interval

I = {x ∈ R : 0 < x < l}.

Solution. The Green’s function is

G(t, x; τ, ξ) =

∞∑
n=−∞

[4π(t− τ)]−
1
2H(t− τ)

(
e−

|x−ξ−2nl|2
4(t−τ) − e−

|x+ξ−2nl|2
4(t−τ)

)
.

A Supplementary Problem

Problem 4. Show that for the Neumann boundary value problem,

∂tu(t, x)−∆xu(t, x) = f(t, x), t > 0, x ∈ Ω,

u(0, x) = u0(x), x ∈ Ω,

∂u

∂n
(t, x) = ub(t, x), t > 0, x ∈ ∂Ω.

If there exists a Green’s function G(t, x; τ, ξ) = Γ(t, x; τ, ξ) + Ψ(t, x; τ, ξ) where

−∂τΨ(t, x; τ, ξ)−∆ξΨ(t, x; τ, ξ) = 0, τ < t, ξ ∈ Ω,

Ψ(t, x; t, ξ) = 0, ξ ∈ Ω

∂Ψ

∂n
(t, x; τ, ξ) = −∂Γ

∂n
(t, x; τ, ξ), τ < t, ξ ∈ ∂Ω,

then

u(t, x) =

∫
Ω

u(0, x)G(t, x; 0, ξ)dξ +

∫ t

0

∫
Ω

G(t, x; τ, ξ)[∂τu(τ, ξ)−∆ξu(t, ξ)]dξdτ

+

∫ t

0

∫
∂Ω

G(t, x; τ, ξ)
∂u

∂n
(τ, ξ)dSydτ.

Moreover, find the Green’s function for Ω = R+ := {x ∈ R : x > 0} and Ω = I :=
{x ∈ R : 0 < x < l}.

For more materials, please refer to [1, 2, 3, 4].
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